We describe Stochastic Loewner Evolution on arbitrary Riemann surfaces with boundary using Conformal Field Theory methods. We propose in particular a CFT construction for a probability measure on (clouded) paths, and check it against known restriction properties. The probability measure can be thought of as a section of the determinant bundle over moduli spaces of Riemann surfaces. Loewner evolutions have a natural description in terms of random walk in the moduli space, and the stochastic diffusion equation translates to the Virasoro action of a certain weight-two operator on a uniformised version of the determinant bundle.
Introduction
The motivation for this article stems from the work of Lawler, Schramm and Werner [1] in which they investigate on a purely probabilistic basis the "restriction property" of certain probability amplitudes. This property can be phrased in terms of a class of stochastic processes defined on proper simply connected domains of the complex plane, originally introduced in Ref. [2] . These processes -termed Stochastic (or Schramm-)Loewner Evolutions (SLE) -proved to be of great value in providing a rigorous basis for certain results in Conformal Field Theory (CFT) [3, 4, 5, 6] .
The precise relation of SLEs to CFT has remained, however, rather speculative. Some aspects of it have been clarified building on the restriction property in Refs. [7, 8] , where an interpretation of the parameters involved in the "Brownian bubble process" as the central charge and the highest weight of an underlying CFT was obtained. This led further to an explicit calculation of the correlation functions of the stress-energy tensor for trivial central charge c = 0. In this paper we continue to investigate the properties of the objects found in [1] and propose a precise CFT model for SLE that to some extent generalises it. In a forthcoming paper [9] we will expand on the mathematical side of this article. An introduction to the present literature and to remaining challenges in particular in the case of percolation can be found in [10, 11] .
Recall that a class of statistical mechanics models at the critical temperature can be described in terms of CFT. We will make here a precise proposal of how the phase boundary structure of these statistical models can be detected in CFT. We will consider in particular connected components of these phase boundaries as models of SLE curves, and identify the vacuum expectation values of certain nonlocal operators in the boundary CFT as certain probability densities associated to a given SLE curve. The proposal is then checked by showing that these weights have the same covariance properties under conditioning -indeed the restriction property mentioned above -as the pertinent measures in probability theory, where these properties are known in the case of SLE on the upper half-plane.
The diffusion equation, which describes the stochastic process, can be thought of as a real Schrödinger equation of a quantum mechanical particle on the boundary. The Hamiltonian, which is a second-order hypo-elliptic differential operator, is the generator of the stochastic process. At zero energy, that is to say when the Hamiltonian annihilates the wave function, the probability density is a martingale.
The probability densities of SLE are conformal forms on the moduli space of Riemann surfaces with boundary components and one marked point M g,b,1 . They can be assumed to belong to highest weight representations of the Virasoro algebra of the CFT, the weight itself being determined by the variance of the driving Brownian motion i.e. the diffusion coefficient. From this point of view the martingale property corresponds to requiring that the Hamiltonian shifts the conformal weight of the wave function by two, and that the resulting representation is still of highest weight, and singular, so that it is equivalent to zero in the physical Hilbert space. The fact that representations of the Virasoro algebra were involved in the description of SLE curves was noticed already in [7, 12, 8] .
As the Loewner process changes the conformal class of the Riemann surface, it also generates a random walk in the moduli space M g,b,1 . We describe this in detail, and write down the probability densities as sections of certain line bundles on this space. We show in particular that the induced motion on the moduli space has a tangent vector field that lies entirely in a rank-two vector bundle determined by the second-order differential operator.
Suppose we are given a differentiable path γ t in the upper half-plane H which we can approximate with infinitesimal straight lines that meet the boundary, i.e. the real axis, in a certain angle at zero. Then Riemann's mapping theorem guarantees the existence of a conformal map that maps the upper half-plane minus the Jordan line onto the upper half-plane. This map is, after a suitable normalisation, unique. A particularly interesting question is its boundary behaviour. In our situation Carathéodory's extension theorem tells us that it extends continuously to the two-sided slit.
To illustrate the situation we give the inverse mapping for a slit ℓ of length tα α /(1 − α) α , extending in from 0 at an angle πα ∈]0, π[
The points −t and +αt/(1 − α) are mapped to 0, and 0 itself to the tip at tα α /(1 − α) α e iπα ; this function is now hydrodynamically normalised in that g t (z) −→ z when z tends to infinity. The exact location of the two zeroes does not affect the present discussion. Under such a coordinate transformation z → f (z,z) the conformal classand hence the complex structure -of a locally flat metric changes according to |dz| 2 −→ |dz + µdz| 2 . The thereto associated Beltrami differential µ(z,z) can be used to detect where the transformation ceases to be conformal, and by what amount. Given the transformation f = g −1 t on X it can be readily calculated from the defining equation ∂f = µ∂f . The Beltrami differential associated to g t given in Eq. (1) can be argued to be a distribution of the
where the parameter t is related to the length of the slit. This distribution is, of course, trivial when integrated with regular test functions. In our case it will appear with functions with second-order poles precisely at z = t, so that it yields a finite result.
The plan of the paper is as follows: In Sections 2 and 3 we recall some facts about the probabilistic treatment of the Loewner process on the upper half-plane, and partition functions of statistical mechanics and Conformal Field Theory, respectively. In Section 4 we describe the behaviour of CFT observables under the Loewner process, and propose a probability density associated to a specific path on the Riemann surface. In Section 5 we rephrase this in terms of determinant bundles over moduli spaces of Riemann surfaces in order to give such a geometric description to the Loewner process in terms of these moduli spaces that the Virasoro action becomes apparent. In the discussion section 6 we draw the probabilistic and the CFT discussions together.
Loewner process and restriction properties
Let us recall the definition of a chordal SLE κ in the upper half-plane H that starts from 0 and continues to infinity [11, 13] :
Let (Ω, F , (F t ), P ) be a standard filtered probability space that is complete and continuous from the right. Given z ∈ H, t ≥ 0, define g t (z) by g 0 (z) = z and
Here
defined on R + × Ω with initial point 0 and with variance κ > 0. This means in particular that its Itô-differentials satisfy (dW t ) 2 = κ dt. Given the initial point g 0 (z) = z, the ordinary differential equation (3) is well defined until a random time τ z when the right-hand side in (3) has a pole. Define the set K t in the closure of the upper half-plane as K t := {z ∈ H : τ z < t}. This is an example of a hull as defined in [13] .
The family (K t ) t≥0 is an increasing family of compact sets in the closed upper half-plane H and g t is the uniformising map from H \ K t onto H.
It has been shown in [14, 4] that there exists a continuous process (γ t ) t≥0 with values in H such that H \ K t is the unbounded connected component of H \ γ[0, t] with probability one. This process is the trace of the SLE κ and it can be recovered from g t , and therefore from W t , by
The constant κ characterises the nature of the resulting curves as classified in [14] . For 0 < κ ≤ 4 SLE κ traces over simple curves, for 4 < κ < 8 selftouching curves (curves with double points, but without crossing its past) and, finally, if 8 ≤ κ the trace becomes space filling. Let us consider the function f t (z) := g t (z) − W t that satisfies by virtue of Eq. (3) the stochastic differential equation
Consider N points x i , i = 1, . . . , N on H, their images y i := f t (x i ) under the Loewner mapping, and a smooth function F : H N −→ R of the coordinates y i . Itô's formula and the ordinary differential equation (3) yield, as in [7] ,
where the differential operators L n are given by
One can think of the process F t (x i ) as the pull-back of the function F by the random walk f t (x) acting on the N copies of H in H N , namely F t (x i ) = (f * t F )(x i ). This enables one to calculate the transformation properties of a stochastic process formed in a similar fashion but replacing F by a tensor ω. The stochastic differential d in Eq. (5) acts in a different tensor structure than the standard de Rham differential d dR
It is easy to see that
Suppose, in particular, that the form ω is a conformal form with weight h. Then the components of the tensor transform still according to Eq. (6), but the operators L n are now defined as
This is precisely the action of a generator of the Witt algebra, Der K,
on a highest weight state, with conformal weight h. The Witt algebra has a unique, one-dimensional central extension
known as the Virasoro algebra Vir. For a specific central element c1, its generators L n , n ∈ Z obey the following commutation relations
In what follows we shall encounter objects ω = π * O γ[0,t] on which the full Virasoro algebra acts; in this context the action of the Witt algebra extends naturally to the Virasoro algebra, so that we should simply replace L n by L n . In particular, the SLE κ f t (z) and a (holomorphic) conformal form ω ∈ i Ω (1,0) (X) ⊗h i with highest weights h i determine a stochastic process ω t = f * t ω that obeys the stochastic differential equation
We shall return in more detail to the formal aspects of passing from the Witt algebra to the Virasoro algebra in Section 5.2. At any rate, this result implies that the process ω t happens to be a martingale for SLE κ , i.e.
precisely when
Then the descendants of ω contain a singular vector in the Verma module V 2,1 . These are also the only values of these parameters for which the drift term is a highest weight representation of the Virasoro algebra.
We make now use of the fundamental fact that one can associate a secondorder partial differential operator to Itô diffusion, namely its generator. For the stochastic differential equation (5) we obtain
in the notation of definition (10) with h = 0. These operators are hypoelliptic. The Feynman-Kac formula states that if we define for ϕ ∈ C 2 0 (R n ) and V ∈ C 0 (R n ) bounded from above
then we have
whereH is the generator of the process ω t . By choosing formally the potential function as
we get the full Hamiltonian for arbitrary positive ĥ
as it appeared in Eq. (18) . This potential is of course not bounded at the source x = 0. Nevertheless, the Fokker-Planck equation (20) gives the time evolution of the probability density ψ(x, t), and can be interpreted as a real Schrödinger equation. In that context ψ is the wave function of a quantum mechanical particle evaluated at time t and at the initial position x.
Restriction property
Consider chordal SLE κ for κ < 4 which produces a simple curve γ : [0, ∞) → H with γ(0) = 0, γ(0, ∞) ⊂ H, and γ(t) → ∞ as t → ∞. Let the hull A be a compact set A ⊂ H such that A∩R ⊂ R * + , and H\A is simply connected. For such a hull A, let φ A : H \ A → H be the conformal map that preserves 0 and infinity such that φ ′ A (∞) = 1, i.e. that it is hydrodynamically normalised. Under this normalisation composition of uniformising maps defines a pseudo semi-group on hulls: Suppose that A and A ′ are hulls and let
Let us further define the set V ∞ := {ω : γ[0, ∞) ∩ A = ∅} which is measurable and has a positive probability. Given a specific outcome γ ∈ V ∞ in this set, we may consider the pathγ := φ A • γ(t). For all A as above and assuming γ[0, ∞) ∩ A = ∅, we say that SLE κ satisfies the chordal restriction property if the conditional distribution ofγ is the same as a time change of SLE κ . This can be summarised in the commutative diagram in Fig. 1 . SLE κ has indeed been shown to have this property for κ = 8/3 in Ref. [1] .
On the other hand, restricting is the same as introducing a new probability measure Q A under which all paths that meet the hull A in a finite time form a set of measure zero. Using the original probability measure P , the new measure Q A can be simply defined as
It is therefore a conditional probability. Furthermore, it is absolutely continuous with respect to the original measure P , i.e. Q A ≪ P on F ∞ . We can therefore calculate the Radon-Nikodým derivative of Q A with respect to P on the sub-σ-algebra F t and express it in the form
In this way we get a morphism from the semi-group of hulls into the semigroup of local martingales, starting at M 0 := 1. This can actually also be extended to the range κ ∈ (0, 8/3). This requires, however, surrounding the simple path γ with a cloud of Brownian bubbles Ξ with a certain intensity λ as in Ref. [1] , and posing then the following question: What is the probability that the thus created hull around the path γ does not intersect the set A? The difference between the original measure P on γ and the conditioned measure on γ can be expressed again through the Radon-Nikodým derivative
where the bracket { , } is the Schwarzian derivative
(29)
The condition for this process indeed to be a martingale is given in Proposi-
Recall that we already found that a conformal form ω t of weight h was a martingaleĤω t = 0 provided (16) and (17) hold. These parameter values are consistent with the above-found parameter values, provided α = h and λ = −c. Note, however, that the range of the diffusion parameter κ ∈ (0, 8/3) restricts the central charge to negative values. This was already noticed in [1, 7] . (1) x II III I IV I Figure 1 : The commutative diagram.
Partition functions
Consider a statistical mechanics model on a discretisation of a surface X with states getting values in F = Z 2 . At a critical temperature T = T c the corre-lation length diverges, and the correlation functions become conformal. The typical statistical mechanics configuration below the critical temperature is patchwise constant, and the emerging structure is that of Kadanoff's droplet picture. The fact that the correlation length diverges at criticality means that the structure becomes self-similar. One can nevertheless still recognise a fractal phase boundary structure γ ⊂ X as depicted in the heavily simplified If we now fix boundary conditions we force the phase boundaries to include in particular a path that connects the points on the boundary where boundary conditions are changed. In Figure 2 , for instance, this happens at 0 and ∞. Since the partition function provides a measure for the number of states in the physical system, the partition function Z αβ with fixed boundary conditions αβ provides a measure for the paths forced by changes of boundary conditions. Consequently, the fraction
is the fraction of phase boundaries that include the paths forced by these changes of boundary conditions among all possible phase boundaries included in the full partition function. It can be heuristically considered, therefore, to be the probability that some path connects these specified boundary points in the unconstrained theory. Note, however, that the question of how to define properly statistical mechanics models on Riemann surfaces is still an open problem. For present purposes we translate the problem to a question in CFT, where this issue has been thoroughly dealt with:
At the critical temperature T = T c , namely, the above statistical mechanics models become scale invariant. We assume here that there should then exist a CFT that has the same correlators as the statistical model. For a definition of a CFT, see for instance Segal's axioms in [15] . The partition function Z := 1 can clearly still be thought of as a weighted sum over configurations as in the statistical mechanics case.
The same is true for the partition functions with different boundary conditions. Suppose we require the boundary conditions |α i to apply on intervals labelled by i = 1, . . . , n. This can be done technically by inserting the corresponding boundary operators φ i := φ α i α i+1 that change the state |α i to the state |α i+1 at the endpoints of the intervals {x 1 , . . . , x n } [16] , for general discussions see e.g. Refs. [17, 18] . This can be used to express the partition function of the constrained theory in terms of the BCFT correlation function
We do not need to assume that there were only one boundary component.
In what follows, we shall refer to these operator insertions collectively as
. In CFT we cannot restrict configurations to phase boundaries as in the case of classical statistical mechanics models, simply because configurations in a quantum field theory do not lend themselves to classical treatment. The only well-defined restrictions are indeed boundary conditions as discussed above.
Suppose we have inserted a boundary operator at a marked point O(0) X and wish nevertheless to restrict to states that have a quantum mechanical analogue of a phase boundary along some path γ that starts from the marked point and ends somewhere in the bulk z ∈ X. This is actually possible if we first cut out the path from the domain where the CFT is defined, thus in effect turning the path into a part of the boundary where we can impose boundary conditions O(0) X\γ , and then move the operator insertion to the tip of the cut-out path. The ratio
can therefore be considered as the probability associated to the path γ occurring among all the possible phase boundaries forced by the operator insertion O(0) X at the original point on the boundary. We will next find this object for curves that correspond to Loewner processes in (41) and (43).
Moduli under Loewner process
Deformations of the metric g on the Riemann surface X can be decomposed to local reparametrisations given by a global vector field v ∈ T X on the surface, local Weyl rescalings given by a global function φ on X, and Teichmüller reparametrisations given by the Beltrami differentials µ ∈ Ω (−1,1) (X) := T (1,0) X ⊗ Ω (0,1) (X) andμ ∈ Ω (1,−1) (X). Under these transformations a correlator
of primary fields of given scaling dimensions ∆ i = 2h i − s i inserted at points z i ∈ X transforms as
We use here the flat reference metric dzdz. Choosing the transformations judiciously, this identity implies also the standard conformal Ward identity.
On manifolds with boundary, the diffeomorphisms parametrised by the vector field (v z , vz) are required to preserve the boundary; this necessitates also that only one independent copy of Vir and Vir is preserved so that at the boundary x ∈ ∂X the stress-energy tensors coincide T (x) =T (x).
As the above deformations are all of the deformations we can perform in two dimensions (conformal and complex structures being equivalent), then the Beltrami differentials are the only true deformations of the moduli of the theory, and can be thought of as (anti-)holomorphic vector fields on the tangent space of the moduli space (µ,μ) ∈ T X M. More formally, the Beltrami differentials µ can be thought of as classes of the tangent bundle valued first cohomology group µ,μ ∈ H 1 (X, T X). In the case of the moduli space of Riemann surfaces with boundary the moduli space has, again, only real analytic structure.
The partition function Z depends, first of all, on the moduli of the Riemann surface X and the details of the CFT defined on that surface [19] . It is therefore, in particular, locally a function of the coordinates m,m of the moduli space. In a nontrivial CFT c = 0 there is a trace anomaly and the partition function depends on the choice of a representative of the conformal class. In defining the partition function in this way we need to specify, therefore, that the partition function Z(m,m) is evaluated, for instance, in the constant curvature background metric g c in the conformal equivalence class of metrics we are interested in. The dependence on the representative of the equivalence class arises through the Liouville action S L (φ, g c ) so that if we know the partition function in the constant curvature background metric Z(m,m), on general backgrounds g = e φ g c the physical partition function becomes
Neither is the partition function Z(m,m) in general a well-defined function on the moduli space of Riemann surfaces, but rather a section of a (projective) line bundle on it. In the case of closed surfaces this line bundle factorises E c ⊗Ē c to holomorphic and anti-holomorphic parts. The line bundle E c comes equipped with a connection, with respect to which the partition function is covariantly constant. This can be seen also form Eq. (36) by choosing O = 1 so that δO = δ1 = 0. This implies
which tells us that the partition function is parallel transported along the vector field µ on the moduli space with respect to the connection d + T . The holomorphic part can be recognised as a tensor power of the standard determinant bundle
otherwise now as the inverse Hodge bundle Det 1 = det −1 X . In the case of Riemann surfaces with boundary components the holomorphic and the anti-holomorphic sectors are related by complex conjugation. This means that the partition function Z(m,m) with m =m * is actually a section of the emerging real-analytic bundle discussed in the Appendix
Parallel transport
Let us define the following correlation function
associated to the path γ[0, t] that follows the path γ from time 0 until the time t. Here Pexp is a path ordered exponential: We mean by this notation that Using the explicit Beltrami differential (2), it is possible in fact to show that the Loewner procedure along the path γ maps the correlator O to the above correlator O γ[0,t] . What we see here is, therefore, its parallel transport with respect to the operator valued connection T [20] . Physically one can think of this as the partition function in the presence of energy density, or a current, distributed along the path γ.
The (heuristic) argument to this effect makes use of the explicit form of the Beltrami differential µ on H given in Eq. (2), and the fact that it always arises together with the correlator of the stress-energy tensor T and the explicit operator insertion O: The operator product expansion has precisely the quadratic pole needed to produce a nontrivial result. The infinitesimal change in the correlator can be thought of as a suitably normalised differential on the moduli space; Cutting out parts of the path repeatedly leads to the path-ordered exponential integrated along a finite path in the moduli space. This argument generalises readily to arbitrary Riemann surfaces X with boundary components: Instead of a path on the Riemann surface itself, one considers a collection of paths on its universal cover that descend to the original path. Since the universal cover can be taken to be the upper halfplane, we can proceed as above; as the emerging Beltrami differential should, by construction, descend from the universal cover to the original surface, the result remains formally the same.
We can now define a probability density associated to any parametrised path in Π(X, p; t), namely let
for each path in Π(X, p; t) that starts from a fixed point p ∈ ∂X and goes on until the final parameter value t. This density has, first of all, the property that it is real and normalised P X ∈ (0, 1] such that P X (p) = 1. Reality follows from the facts that the operator insertions on the boundary are, by construction, real O * = O and that the conformal mapping f : X \ γ −→ X preserves the boundary on the real axis. The fact that it is non-negative follows from the assumption that O = 0 as a physical partition function, and the fact that O γ[0,t] was constructed from it by exponentiation. It is bounded by its value P X (p) = 1 if we assume that the classical weak energy condition T +T > 0 translates to a positivity condition on the spectrum of the corresponding operator in CFT. Whether these (mild) assumptions are satisfies depends on the details of the pertinent CFT model. The above observations amount to the statement that we can consider P X (γ) to be a probability associated to a path γ. It is, however, not the probability of the path occurring among all the paths of Π(X, p) but rather the probability of finding a path in a hull of γ, perhaps, whose width is related to the structure of the CFT, and the central charge i.e. the diffusion coefficient in particular. The precise interpretation of this probability density follows from stochastic considerations, and will be deferred to Sec. 6 .
Suppose now that the simple curve γ[0, t] is an SLE κ process γ t on a Riemann surface X with 0 ≤ κ < 4. We can then likewise associate to this path the correlator
where σ H is the Hausdorff measure of dimension [21] dim H (γ) = min 2, 1 + κ 8 .
This extends the definition (41) to the case of fractal curves. It shows, again, how the correlation functions of observables O transform under Loewner processes, and it continues to be normalised as suggested above.
Conditioning correlators
A conformal transformation ρ induces a transformation R(ρ) of the pertinent CFT (Hilbert) space. Under this representation of the conformal group, the operator insertions of primary fields transform homogeneously, whereas the stress-energy operator changes inhomogeneously
where { , } is the Schwarzian derivative (29). The correlator O γ[0,t] transforms therefore as
In order to condition the probability to paths that do not enter a given simply connected domain A ⊂ X that touches the boundary, we need to investigate the behaviour of the density P X under the pertinent diffeomorphism ρ : X \ A −→ X. In the simple case that this diffeomorphism happens to be a conformal mapping or that the pertinent moduli space is a discrete set of points as in the case of the upper half-plane H we find
ds Re ρ(γ(s)), γ(s) . (48)
Comparing to the process Y t in the stochastic analysis (28), we see that P X and P have precisely the same behaviour under conditioning, cf. Sec. 6. In comparing this expression to Y t in stochastic analysis, one needs to take into account the fact that there it was convenient to keep the origin of the complex plane fixed and let the intersection W t = γ t ∩ ∂H move, whereas in the CFT analysis one kept the intersection fixed at the origin and allowed the original zero to move.
In the general case where the diffeomorphism ρ : X \ A −→ X changes the conformal structure of the Riemann surface, it is difficult to give an explicit formula for the transformation. For infinitesimal such deplacements this is nevertheless possible, and reduces clearly to insertions of the stressenergy tensor integrated with the Beltrami differential associated to ρ in the correlators.
The correlator O γ[0,t] can be recognised as a section of a certain bundle L h over the moduli space of Riemann surfaces. In this context it is clear that P X (γ) is consequently a holonomy, or a Wilson line, of this section when parallel transported from the fibre at X to the fibre over X \ γ with respect to the connection d + T .
Recall that if the correlator O satisfiesĤ O = 0, the operator creates a state in the Verma module V 2,1 . This module is closed under Virasoro action, which in turn is generated by the stress-energy tensor T . Since the Loewner process involves only insertions of the stress-energy tensor in the correlator, the final correlator O γ[0,t] has to be that of an operator belonging to the same Verma module and satisfying the same differential equation. This is true irrespective of the moduli of the Riemann surface, and provides indeed an independent analytic characterisation of the correlators O γ[0,t] as those sections of L h that are annihilated byĤ.
In the next section we will describe this bundle L h and the action ofĤ in detail.
Determinant bundles
In this section we shall consider the geometry of the densities P X as sections of certain bundles over moduli space. We shall pay particular attention to the explicit form of the Virasoro action on these bundles because it translates directly to a description of the Loewner process in the moduli space.
Virasoro action
The CFT partition functions on Riemann surfaces with b boundary components and of genus g could be seen as a section of the determinant bundle
as discussed in Section 4 and in the Appendix. We recall that the fibre at
The determinant bundle det X associated to a surface X is the inverse of the Hodge bundle det X = Det −1 1 . Of determinant bundles it is known, for instance, that the Hodge bundle Det 1 generates [22] the Picard group of M g , and that Det j ≃ Det ⊗(6j 2 −6j+1) 1 [23] . 
We associate to the marked point p a formal coordinate z ∈ D that gets its values in the formal unit disc. The triples (X, p, z), where X is the Riemann surface, glue together to an Aut O-bundle π : M g,1 −→ M g,1 .
(53)
The action of Aut O represents changes of formal coordinates, and has the Lie algebra Lie Aut O = Vir ≥0 = zC[[z]]∂ z . We can think of the fibres of this bundle, therefore, as the set of all choices of formal coordinates around the marked point p ∈ X. M g,1 can also be viewed as a bundlê
but we have to add to the structure group also the shifts of the marked point, generated by ∂ z . Changes of the conformal structure of the surface are generated at the fixed point by the singular vector fields of the form z −n C[[z]]∂ z ⊂ Vir <−1 for n > 0. All these formal vector fields included in Vir <−1 , Vir ≥0 , and C∂ z form together the Witt algebra Der K. The actual Virasoro algebra Vir is a central extension of this (12) . One can actually show that M g,1 carries a transitive action of Der K compatible with the Aut O action along the fibres [24, 25] , cf. also [26] . The underlying structure here is the Harish-Chandra pair (Der K, Aut O) and a flat vector bundle M g,1 −→ M g,1 associated to it. This structure generalises [24, 25] to the Harish-Chandra pair (Vir, Aut O) as well: it has an associated flat vector bundleπ * Det j −→ M g,1 whose infinitesimal automorphisms Lie Autπ * Det j form a representation of the Virasoro algebra [24] . The flat connection there is of the form d + L −1 . Note that even if the tensor powers of these bundles were not globally well-defined, the underlying D-module is always well-defined.
The difference between the bundles L h and π * L h is therefore that the latter extends the former by keeping track of the formal coordinates near the marked point. Where the curvature of (the holomorphic part of) L h was related to the Picard group of the moduli space, the natural connection on the bundle π * L h is flat.
Loewner process on the determinant bundle
As the Loewner process produces a nontrivial Beltrami differential, it generates a motion in the pertinent moduli space M g,1 . This involves deforming the surface, changing the complex structure, and displacing the marked point p ∈ X on the surface. If we attach a formal disc with coordinate z ∈ D, we see immediately that the above operations induce actions of Vir ≥0 , Vir <−1 ,and Vir −1 ∼ C∂ z on the disc. This means that the Loewner process acts on the disc by Der K. In the special case of the upper half-plane we can simply identify the formal (half) disc with the Riemann surface X = H itself. In Sec. 5.1 where we encountered the action of Der K through operators L n , in particular the Loewner process was generated by the second-order hypo-elliptic differential operatorĤ
In the case of general Riemann surfaces this Der K action then extends to a transitive action on the bundle M g,1 −→ M g,1 compatible with the structure group, as was recalled in the previous section. The CFT analysis leads us to consider sections of the line bundle L h , which is a twisted version of the standard determinant bundle defined on the moduli space M g,1 . By using the above defined projection π, we can construct the pull-back bundle π * L h on M g,1 . This bundle carries now a transitive Virasoro action, and can be equipped with a flat connection ∇ = d + L −1 . In this way the Der K action is lifted to a Virasoro action in the quantum theory. The generator of the Loewner procesŝ
should therefore be seen naturally as a map
The sections of these pull-back bundles differ from the correlators suggested by the CFT analysis only in that they also depend on the formal coordinate. This extra structure is just enough to enable us to equip them with the appropriate Virasoro action and a flat connection. More precisely, recall that we could consider pull-backs by the Loewner mapping f * t of conformal forms of weight h as stochastic processes ω t := f * t ω. The correlator ω t = O γ[0,t] furnishes now an example of such a stochastic process. These objects are defined as sections of L h ; When we pull these sections back into the bundle π * L h we need to specify their dependence on the formal coordinate z ∈ D. This can be done by requiring that the resulting process π * ω t is still a martingale, in the sense that it is annihilated by the action ofĤ. AsĤ is of second order, this determines a rank-two subbundle kerĤ ⊂ π * L h over M g,1 . This subbundle is analysed in detail in the Appendix. In this way we have been able to eliminate the apriorous dependence on the formal coordinate z from the stochastic process π * ω t , so that it can really be thought of as an element of Γ(M g,1 , kerĤ), but have nevertheless been able to retain the Virasoro action on it.
The condition that the pertinent action ofĤ annihilates the correlator arose also when we wanted to characterise the behaviour of the correlators under conditioning; even though we could not present an explicit formula, the correlator O γ[0,t] and ρ * O γ[0,t] both were argued to be sections of kerĤ. We see now concretely, that the correlator may change under conditioning, but these changes are restricted to remain in the properly defined rank-two bundle kerĤ. The existence of a flat connection on this bundle means that under deformations of the complex structure such as in Fig. 1 the diagram does indeed commute, even though the precise holonomies may be more complicated than Y t . The only requirement is now that the deformation path in the moduli space is contractible.
Probability distributions
Apart from acting on the stochastic processes ω t , the operatorĤ also acts on the probability distributions ψ(x, t) with z = x + iy. Where aboveĤω t = 0 implied that ω t was a martingale,Ĥψ(x, t) = 0 implies that the probability distribution is constant in time ∂ t ψ = 0. We can therefore also identify the suitably normalised positive sections ψ := π * P(X, x, p) of the real line bundle P ⊂ kerĤ as constant in time probability distributions that solve the diffusion equation in (20) or, in other words, as zero-energy wave functions of the real Schrödinger equation.
Let us finally find the explicit form of a generic section ψ ∈ Γ(M g,1 , P) of the real subbundle P ⊂ kerĤ of the two-dimensional bundle in the case of only one marked point and the formal coordinate z = x + iy defined in its local neighbourhood. This amounts to finding the real solutions of the differential equationĤψ(z, t) = 0: In polar coordinates z = ρ e iϕ they are ψ(ρ, ϕ) = A ρ a e −bϕ cos(aϕ + b ln ρ + δ)
where A and δ are integration constants and
This means that in the range κ ∈ (0, 4) the solutions to this differential equation have a singularity at z = 0 and are bounded by ρ a where a is negative and vanishes precisely for κ = 4. In particular, when the Hausdorff dimension of the stochastic process on the Riemann surface reaches dim H = 3/2 at κ = 4 and the curve becomes self-touching, the function ψ reflects this accordingly by ceasing to be suppressed when ρ tends to infinity.
Discussion
We have found that much of the analytical structure of SLE κ can be represented in terms of a CFT with a central charge dictated by κ. The use of this is the fact that the CFT treatment extends SLE processes to arbitrary Riemann surfaces and κ ≤ 4; the drawback is perhaps the fact that the involved CFT apparatus is still mostly heuristically defined. Nevertheless, there is a one-to-one correspondence between for instance the following objects: 
Most importantly, the probabilistic measure of Sec. 2.1 for clouded paths γ ⊂ Ξ ⊂ X enjoys precisely the same covariance properties as the correlation function P X (γ) defined in (42) when restricted to the upper half-plane. Furthermore, the commutativity of the diagram in Figure 1 in probability theory is equivalent in CFT to the fact that there exists a flat connection in π * L h .
As the SLE and the CFT structures appear to be isomorphic it seems reasonable to conjecture that the stochastic probability density does indeed coincide with the weight constructed in CFT P (Ξ) = P X (γ). The latter construction extends SLE κ to arbitrary Riemann surfaces and to κ > 8/3.
